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Give full details wherever necessary.

1. Let X be a separable Banach space and let {x∗n}n≥1 be a weak∗-dense se-
quence in the dual unit ball. Define Φ : X → `∞ by Φ(x) = {x∗n(x)}n≥1.
Show that the range of Φ∗ is weak∗-closed.

2. Let X and Y be Banach spaces such that the space of operators L(X, Y )
is a separable Banach space. Show that both Y and X∗ are separable.

3. Let X be a Banach space and let A ⊂ X∗ be a set separating points
of X. Let τ be the smallest vector space topology on X making A
continuous. Let ∧ : (X, τ) → C be a bounded linear map. Show that
∧ ∈ span A.

4. Let h : [0, 1] → L∞[0, 1] be a continuous function. Define T : L1[0, 1] →

C[0, 1] by T (f)(t) =
1∫

0

f(s) h(t)(s) ds where t ∈ [0, 1] and f ∈ L1[0, 1].

Show that T is well-defined and ‖T‖ = sup
t∈[0,1]

‖h(t)‖.

5. Let A be a C∗-algebra of compact operators on a Hilbert space. Show
that A is an ideal in its double commutant.

6. Show that the identity of a C∗-algebra, as well as any unitary vector is
an extreme point of the closed unit ball.

7. Show that the positive cone of self adjoint elements in a C∗-algebra
with identity is a closed set and the norm is monotone on this set, i.e.,
0 ≤ x ≤ y ⇒ ‖x‖ ≤ ‖y‖.

8. Let A be a C∗-algebra with identity and x∗ = x ∈ A. Suppose f(x) = 0
for every state f . Show that x = 0, using functional calculus.

9. Let J be a proper ideal of a unital C∗-algebra A. Let π : J → B(H)
be an irreducible representation. Show that π has a unique extension
to an irreducible representation on A.

10. Let Â be the C∗-algebra obtained by adjoining an identity to the C∗-
algebra A. Let f : A → C be a positive linear functional. Show that f
has a positive extension to Â.


